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Todag : {riawghs -—) circles
- JAN

(Geometry 1) (Geome-le 1)
We will focus + eXtend

the following ;

¥ prototype Theorem :

If{ AB 1 '

A B & chameter of
Q civcle and

M s a p eint
of the circle
thew A/'GB:@_Q°_ 90°
o= =




%2 The Converse is also true:

e A Pomt M Lies on a arcle
of diameler AB
&> (if ond only if)
AMB = 30°.
o A point M Lies '.!'_S_':'.l!. a
Civcle of diameter AB
S AMs > 30°

*A point M" Lie ouksideq
Civele of diameteyr AB
& AMy < 9p°




What happens i{ M Lies on a circle of
chord AB (not necessaridy a diameter) ?

'l_)f_f'-' () A CBY)’oraZ an%e 1S an amg,le whose
vertex Lies at the centre of the circle.

Tis measuve equu(is the wmeasure of the
NYercepted arc. W

. N £ 3

t.¢.  A0oR =AB >
W) An nscribed an%g is an angle
Whose vertex Lies at o poink M /
on the civede and its degs intevsect

the circe at some A R. AMB = L A0k

-‘ila\B A @:&x




Special (ase:. Tf AB is a diameter then:
A
AMB = 90°
;Aaa = 4%0° % o indeed we hay ¢
AB = 4%0°
'Def.- A line {hat has emdlj 1 commaon Fofﬂ‘('
with o circle is called a {:anagné Line {to the

. /‘
Clr(‘e. " z%&n%&ﬁ&t/}

'r_a__&'.‘i”b\ {G"\Deh{ at a poin-l A on a circle ¢
PefPendiLMlar to the diameter P“mﬂg 1)\ngh A



‘F_QCQQ . Throuah (o ] Po;”-‘ A gu‘\':n'aleﬁo'f' Qa cl'Yde,
QXQ,CHj 2 tqhé:m{ L;”_'fS Caw lg( draum. The

CO"CSpor\oliha {an?ent Segmen'h drawn from as

exterior pOé“’f to a arcle are equal.

(.e. [AB:’AC1

A a
proot: OBA = OCA
because : e OB =z0¢C (radic)
| * 0A cowmmon
A A
*OBA=0c¢A < 90°
thagoras’
UPﬂnﬂgm
*AB = AC

([ from Lis we also Gt khot OAC=oAp AGC :46\%\



Fact?

T4 AB is o chord
of a crcle and
AL is a tangent
to the civcle at

t he PO"V"k A)
then for every

Poin{— /\‘A‘— on the

circle we have

7 \
angle betwen, inscnbed 4"?
e ta with verdex
“;W" AL— at M
and the chora AB (orreépohd'

to AB.

le

J



4

proof .

e AOB centrul ang(

{A/ag (hsers bed anyﬁ
CoYﬁSSfJoncl-'ng to the are 43-’

=< AMB = 1488 ©

- A isoscelas (5mG DA=0B os radii)
= 0BA=BAY = ACR = IS0° 0B - Ao =
=1§0°- 2 BAo @)

o AL ¢ = BAL=90-PA
. Y am%t ot A= BAL= 90<RA0()

(150~ 2BA0) = 30~ BAo =
- ®



P Special (nse: T AB is a diameter
then (-f vom Pro'l:otype Theorem)

AMB = 90° (since AB is a diamele

B//A\L = gp°® [fsine ABi3 « |
diameder + AL VS |

I tangent af A

AMB = BAL .
Fact 3 (whichis a usefus
54:&01@»») ?&em.ﬂizeg this

Special cose from diaumeley,

. A’B ‘&0 Cb& ChOYdS AB!

P




Exercise 1 : Two circles ave in‘ternal/:j éan&emf at
K. Two &Unes passing through K intersect ¢he

Lwo circles at A, C and B, D respeciv A
Prove that ABR/CD .




Solution 1”'4 * let KL be the common ‘Eanaerrl Ling
to the 2 orcles They [“Slhg Fact 3)

v | KA KBU\nscr&ed ah?(g Corres‘oondms to Ak )

: = = Cinscribed ang onding to C
L\(A ch = kD\C/, hscribe ah,lz olres p ndimg to k)

A
Conclusion: KB/}Q =KDC|= ABR//CD.

Comment: Tn closs it was aslled if Lk /7 4B,
This 13 not alwajs true, because Lk # KAB In
Cthere was confusion because there was o
letters that were used in the pryof).

gzner:e :
fyPo in the



So(,u—l;;On ‘#"9\ Let O, 0’/ be the cewtres of the

A civcles - ,
o First notice. that 0,0, K are

collinear becowuse rOo’'KL_KL
and [Oki KL

since KL 13 tangent at k.
¢ Goae Show that

[CD":ABK

It suffices 4o show
dhat .

{CD'?@':-A’éo ®

*CO'D ;
/? 15 a cewhmﬂ Qn corcerpandm o CD

=) Cop= CD QCkD (mgcnbed angle corr. to Ch)



* AOR 1S a centraL angq CorrZSFondmg to Ab
'z) AOB AB s &AKB (lnSCﬁde QWJ& Oorr. ¢o 4%)

A .
*Since Co’p is isosceles with Co’=06”) fmd’:’c‘//

A

2C00+coo 180 = op'l?O 2¢bo’ l
gnanaflj Sihg AOB IS :Sa?ce,o(es wiH{h AO= OB

Crad'¢)

we

A
J’e{' ABO = 320 and So -

.?ABO-/AOB 1§80 = EOB lXD 2 ABo ]O
> ®,&F,E IX(/7~2430 6-2Cpor = Abo=cDo :)@‘/




= [QQK ; o?s] ®"

A v
> ®',@"+”OKD— ok® (because 00, :ca(ﬂhear)
{'/ U
YA A
ODK “OBk =) \/
. A A A
’ B‘j @+@: Cdk= cpo’ t0'dDk = AB?J +o§k :Agk

which proves the goal and implies thav ABJICD

Tﬁ;(itggé.uﬁoh was Sug%s%ed (93 a Gudwmt n dass. Tt is «QO}’lﬂCl’)é)u-r[ it doesmt we )



Exerti'se2 . Circhs C;, cmd Gy having Centres at Oy
ond O, are externally tanges ot P. Denote
63 AB and CD +{he two Comwmoy f;ah?e«z‘s Lo
Uu.$e Circles SO that A, D Lie on £i and

BC Lie on Cp_- Show theit :
() AD/I Bc

W
S eewn “nd,aSS

(b) AP BP.

\/\/.__/
Homeuvor|t




Solubon: (@) O, 0, P

) 2 ) ' CO),"hear.

A
» Oy AD } 'so sceles triangles  (sides : radic )

X @
"0, 8¢

C@aim:{A(;:D = B(f):c @

AGP=
{Indeell A0, /180, since ABL 04 , ABLO,R = '50-33p
Similarly DO, )/ COy since DC Lo, b, bclo (¢ PG, b =
i A I
= { AOsD = A0, P + PO D Fo-Pc
/\
BY

) = 360°- Bo P - pgc

360°- (0- Ag,P)- (I?O-POD)
AO‘P+‘PO D - AOID
Frowm @+ @ : o,AD o,bc D g,AB+ABC= 180D AD//bC.






| Qe_f_; A Convex quadrilateraﬂ (s called C-:jd"(

& its H vertices ;e on a circle

Y s <idae .
Thwm: & (4) The suwm of 2 opposite sides s _L_Y_Q

&E(2) One analg formead Bj L on seaitive S‘iil._e;

eﬂuqes U\e externqe th«@e -l'ovmec( 63 the
other 2 « |

S (3) The angle between|one side and a_diagohal
equals tho ang lg betpern the opposife side amy
the other di‘a&, onhql. p YVARC




Exer(,l.se,b . Le{ BD ahd CE be alh'—fumg o-ﬂ G
{Yiah?& /(BAC Prove tha{ f DE//BC theq AB=Ac

”ﬁl\mewrbﬂ ) B

‘ E
A
. A A
Solution: BCDE is cyclic sina BEC = CPB=30°

N A A
=) ACB=ABc =) ABC
isosceles
with AB-Ac.

A A
:> AED = ACR }
. N\

Sine DE/IBC : AED = ABC



Exevcise 4 CSiMPSon'J dine).

Lel: M be a Poiwf on the Circuwmcivety of

a {'Vz'an}& AB“C Prove that the feot of

perpendicudars from M 4o the sides A8, Bc
and CA are co//meqr




~P). i . p
>P£u‘t'0”' *@ Goaﬂ.' Show that NPm 4M?L =180~

(;MCAB is a eyclic quadrilaterns sa
N

N A A
MBA +ACMm B+ ACm =(80° Ge)

W MPNB s a cyedic quadrilatert boca,se
A A 4
MPB = mNB =80°. Hence: M@, o i = 1500

= NPM Z)80° MBN = ACM @)

?3-‘ MLC 1S chdjc be cau$ e CL//\M-I-CP%:‘IO"*ﬂOO-'—/S?O?



N\
MPL

Hx)
Gl

&

(3¢3%¥)

\

n N\
ML = 150° = Acm . (xax

CM +100° - pcw = |€0°

=7 L/ P, N : cllinear!




Exercise 5 (Ptolemy’s Theovem) = "

Prove {that for each cyclic quadn'&u‘emé

the Pfoduct of the &ngtlu ol its cliagomv(j
s equal to the Sum of the products of the
lengths of the pairs of opposite Sides

L.e. if its vertices are A,B,C,D (n order thes:
. [AC-BD =AB-CD+BCAD | oo

C

%Remw‘k‘é Thz converse s tvue:

If &) holds for a quﬂdrilq{emel\ép .
then it s cyclic, /




Solution: ¢ Without Loss of ?Lnemb'fy we may
e assume ‘tha«( C€D é DB/\A |

Then, we can choose a PO""f
K on AC such that :

CBD =ABK| @
N\ A A
=> (ABK + CBK = ABc ?}
A A A
{A'BD-l- CBD = ABC

@ ¥ Subtrach the 2 egualhies

A A
a
°*Sine AR CD cyclic > ICKB:LDB] @) @




'®;@=> D‘B.Cx Agk ( similox 'I‘,f"an;,&;)

SN T
50" A & ®

@@ = ke & ABD (simidar triangtes)
DB = bem [
N BC ~ BD
®,

——> AKBD+CKk'BD=AB.CD + BC'DA
& (Ak+Ck)BD = AB-cD + B¢ DA

< [AC-BP = AB.cD1B(C-DA




